Abstract. We introduce a notion of generalized local cohomology modules with respect to a pair of ideals (I, J) which is a generalization of the concept of local cohomology modules with respect to (I, J). We show that generalized local cohomology modules H i I,J (M, N ) can be computed by theČech cohomology modules. We also study the artinianness of generalized local cohomology modules H i I,J (M, N ).
Introduction
Throughout this paper, R is a noetherian commutative (non-zero identity) ring. In [10] , Takahashi, Yoshino and Yoshizawa introduced the local cohomology modules with respect to a pair of ideals (I, J). For an R-module M, the (I, J)-torsion submodule of M is Γ I,J (M) = {x ∈ M|I n x ⊂ Jx for some positive integer n}. Γ I,J is a covariant functor from the category of R-modules to itself. The i-th local cohomology functor H i I,J with respect to (I, J) is defined to be the i-th right derived functor of Γ I,J . When J = 0, the H The organization of the paper is as follows. In the next section, we study some elementary properties of generalized local cohomology modules with respect to a pair of ideals (I, J). We also show that generalized local cohomology modules H i I,J (M, N) can be computed byČech cohomology modules (Theorem 2.8).
The last section is devoted to study the artinianness of local cohomology modules H N) is artinian for all i < t. On the other hand, Ext i R (R/a, N) is also artinian for all i < t and for all a ∈W (I, J). Let I, J be two ideals of the local ring (R, m) such that √ I + J = m and M, N are two finitely generated R-modules with dim(N) N) is also an artinian R-module (Theorem 3.4). This section is closed by Theorem 3.7 which says that H i I,J (M, N) is artinian for all i ≥ 0 provided M is a finitely generated R-module and N is an artinian R-module.
2. Some basic properties of generalized local cohomology modules with respect to a pair of ideals Let I, J be two ideals of R. For an R-module M, the (I, J)-torsion submodule of M is Γ I,J (M) = {x ∈ M|I n x ⊂ Jx for some positive integer n}( [10] ).
We introduce the following definition.
Definition 2.1. For two R−modules M, N we denote by Γ I,J (M, N) the following module
In the special case M = R, Γ I,J (R, N) = Γ I,J (N) the (I, J)-torsion submodule of N. Note that an element f ∈ Γ I,J (M, N) if and only if there is an integer n > 0 such that I n f (x) ⊂ Jf (x) for all x ∈ M. For each R-module M, Γ I,J (M, −) is a left exact covariant functor from the category of R-modules to itself. Let us denote by H Proof. If f ∈ Γ I,J (M, N), there exists an integer n > 0 such that
Since f (x i ) ∈ Γ I,J (N), there exist an integer n i such that
Note that in [11] Zamani introduced an other definition of local cohomology functors
for all i ≥ 0, where E • is an injective resolution of R-module N. Thus from 2.2 we see that our definition is coincident with Zamani's one.
We have a property of the set of associated primes of Γ I,J (M, N).
Corollary 2.3. Let M be a finitely generated R-module and N an R−module. Then
Proof. Since M is a finitely generated R-module, Ass(Hom
as required.
The following proposition is an extension of [10, 1.4].
Proposition 2.4. Let M be a finitely generated R-module and N an R−module. Let I, I ′ , J, J ′ be ideals of R. Then
Proof. We only prove (i), the others are similar. Combining [10, 1.4] and 2.2, we have
Proof. From [10, 3.2] we have
whereW (I, J) is the set of ideals a of R such that I n ⊂ a + J for some integer n.
Since E is an injective R-module, Γ a (E) is also injective. Moreover, R is a Noetherian ring, then the direct limit of injective modules is injective. Therefore we have the conclusion.
It is well-known that H
where N is an Itorsion R-module. The following proposition gives a similar result when N is (I, J)-torsion. Proposition 2.6. Let N be an (I, J)-torsion R-module. Then
Proof. From [10, 1.12] there exists an injective resolution E
• of N such that each term is an (I, J)-torsion R-module. Then we have by 2.2
When N is a J-torsion R-module, we have the following proposition.
Proof. It is obvious that Γ I (N) ⊂ Γ I,J (N). Let x ∈ Γ I,J (N), there exist integers n, k such that I n x ⊂ Jx and J k x = 0. Hence I nk x = 0 and then x ∈ Γ I (N). Thus Γ I,J (N) = Γ I (N).
It remains to prove that
By the property of derived functors, we obtain H 
In [10, 2.4] , there is a natural isomorphism
, where a = {a 1 , a 2 , . . . , a r } is a sequence of elements of R that generates I.
Let
be a free resolution of M with the finitely generated free modules. Apply the functor Hom R (−, N) to above resolution, we have a complex
Theorem 2.8. Let M be a finitely generated R-module. Then for all R-modules N and n ≥ 0,
Proof. It is clear that {H n (Tot(M, −))} n and {H n I,J (M, −)} n are exact connected right sequences of functors.
We next prove that
The proof is completed by showing that H n (Tot(M, E)) = 0 for all n > 0 and for any injective R-module E. It follows from [8, 10 .18] a spectral sequence
Note that E p,q
From the proof of [10, 2.4], H i (C • a,J ⊗ R E) = 0 for all i > 0 and for any injective R−module E. Note that Hom R (F q , E) is also an injective R-module for all q ≥ 0. Hence
Hom R (F p , E) a i ,J ) , q = 0.
Combining [10, 2.3(5)] with 2.2 yields
It follows
As Γ I,J (E) is an injective R−module, the following sequence is exact
for all n > 0. The proof is complete.
On artinianness of generalized local cohomology modules with respect to a pair of ideals
We have the following theorem. We now consider the homomorphisms of the spectral
We have H q I,J (N) = 0 for all q > d by [10, 4.7] . Then E
From the above proof we have E N) is also an artinian R−module.
Next theorem, we show the connection between the artinianness of H Since Γ I,J (N) is artinian, the statement is true in this case.
Let t > 1 and we assume that the statement is true for t − 1 and for any R-module N. Denote by E(N) the injective hull of N. Applying the functors Γ I,J (−) and Γ I,J (M, −) to the following short exact sequence
we get isomorphisms (ii) The proof is by induction on t. When t = 1, the short exact
deduces an exact sequence
As N/Γ a (N) is a-torsion-free, we have Hom R (R/a, N/Γ a (N)) = 0 and then Hom R (R/a, N) ∼ = Hom R (R/a, Γ a (N)). Note that Γ a (N) ⊂ Γ I,J (N). By the hypothesis, Γ a (N) is an artinian R-module and then Hom R (R/a, Γ a (N)) is also an artinian R-module.
The proof for t > 1 is similar to (i).
In [2, 2.4] , when (R, m) is a local ring and N is a finitely generated R-module, there is an equality
We have the following consequence. Since x ∈ J, we obtain from the exact sequence that N) is also artinian.
